We study the upper critical field for quenching of the proton superconductivity in neutron stars, H c2 , within a Ginzburg-Landau theory which includes the entrainment between the proton and neutron condensates. We construct models of compact stars for a (realistic) nucleonic equations of state and deduce the volume occupied by the superconducting regions from microscopic calculations of proton pairing gaps in dense matter. We argue that magnetars with surface fields B ≥ 10 15 G are either partially or completely nonsuperconducting, the precise outcome being dependent on the relation between the surface dipolar field and the field intensity at the crust-core boundary. We discuss the implications of the absence of superconductivity in magnetars on their cooling evolution and superfluid dynamics.
Introduction
The discoveries of the soft γ-ray repeaters and anomalous Xray pulsars during the last decades and their identification with a new subclass of compact objects -magnetars -focus considerable attention on the properties of dense matter in strong magnetic fields. The inferred magnetic fields on the surfaces of these objects are of the order of B s15 ∼ 0.1−1, where B s15 is the field in units of 10 15 G. The magnitude of the interior field in magnetars is not known, but has been frequently conjectured to be larger than the surface field. Recent studies of self-gravitating magnetic equilibria containing type-II superconductors show that the interior fields are larger up to an order of magnitude compared to the surface dipole field, although the results vary depending on the assumed boundary condition at the crust-core interface (Akgün 2007; Akgün & Wasserman 2008; Lander et al. 2012; Lander 2013 Lander , 2014 Henriksson & Wasserman 2013) . It should be mentioned that for non-superconducting stars the relation between interior field and the surface fields were studies using fully numerical methods and have been found to be of order of few (Bocquet et al. 1995; Frieben & Rezzolla 2012) .
Type-II superconductivity of protons in the cores of magnetized neutron stars can exists within a range of internal fields H c1 ≤ H ≤ H c2 , where the lower critical field H c1 corresponds to the field at which the emergence of the first flux tube becomes energetically favorable and the upper critical field H c2 at which the normal cores of the flux tubes touch each other and superconductivity vanishes. The microscopic and mesoscopic parameters of the proton superconductor (the mesoscopic parameters are intermediate between the macro and micro parameters involve length scales of the order of tens of fm) depend on the local density and temperature of the protonic fluid. They have been computed previously in the zero-temperature limit (Sedrakian & Sedrakian 1995) . Some phenomenological arguments where put forward in recent years in favor of type-I superconductivity (Link 2003; Buckley et al. 2004b,a; Sedrakian 2005; Alford et al. 2005) , however on microscopic ground this is expected only in the deep interiors of the core where the proton gap is sufficiently small (Sedrakian et al. 1997 ). We shall concentrate on type-II superconducting protons in the following.
Pervious studies of magnetar physics (for example Schaab et al. (1998) ; Arras et al. (2004) ; Andersson et al. (2009) ; Passamonti & Lander (2013) ) assumed a priori that the magnetic fields do not influence the superconductivity of protons at the microphysical level, in particular the role of the H c2 field has not been discussed so far. However, if the fields are sufficiently strong (B ≥ H c2 ) the cores of the flux tubes come into contact and the superconductivity is destroyed. An elementary estimate of the H c2 field follows from the observation that the coherence between Cooper pairs will be lost when the Larmor radius of charged particles becomes of the order of the coherence length of Cooper pairs. This field is given by
where Φ 0 = π c/e is the flux quantum, ξ p is the coherence length. Thus, for fields B ≥ H c2 proton component of neutron star's core is unpaired. Below we show that this is the case for the characteristic surface fields of magnetars B s15 ∼ 1 − 10 and discuss the implications of this observation for cooling and rotational dynamics of magnetized neutron stars. In this work we construct equilibrium models of compact stars on the basis of a modern equations of state and deduce this density range occupied by the proton superconductor from the density profiles of our models. We compute the key mesoscopic parameters of the proton superconductor such as the coherence length, the penetration depth and the local upper critical field H c2 required to destroy the proton superconductivity. Since the existence of H c2 has not been recognized in the literature on the phenomenology magnetars we go on to discuss the potential implications of the absence of proton superconductivity on their cooling and rotational dynamics. This paper is structured as follows. In Sec. 2 we construct neutron star models using modern nuclear EoS and discuss the corresponding microscopic input for the porton superconductor. In Sec. 3 we discuss the Ginzburg-Landau (GL) theory of the proton superconductor near H c2 including the entrainment effect between the neutron and proton fluids. We also obtain the density profiles of strongly magnetized neutron stars, which allow us to deduce the volume occupied by proton superconductor. Section 4 discusses the implications of (partial) nonsuperconductivity of magnetars on their cooling and rotational dynamics. Our conclusions and an outlook are given in Sec. 5
Modeling the neutron star
Our first step is to construct a model of a neutron star on the basis of a realistic equation of state (EoS) of dense nuclear matter. We assume conventional nuclear matter inside the star composed of neutrons, protons and electrons in β-equilibrium. As the underlying EoS we take the one derived by Zuo et al. (2004) , where the interaction between the nucleons is modelled in terms of the Argonne AV18 two-body interaction combined with a phenomenological three-body interaction. We also constructed models based on relativistic density functional theory (Colucci & Sedrakian 2013 ) and found results similar to the previous EoS. Therefore, we will assume that our computations are insensitive to the EoS input and will use the EoS of Zuo et al. (2004) . Both EoS provide maximum mass of a neutron star well above the current observational lower limit 2M ⊙ on the maximum mass of any compact star. In particular, our chosen EoS has a maximum mass 2.67M ⊙ . We will also neglect the possibility that the stars may feature hypernuclear or quark matter inside them or have stable strange cores (see e.g. Sinha et al. (2013b) ; Bonanno & Sedrakian (2012) ; Sinha et al. (2013a) and references therein).
In the core of a neutron star protons pair in the 1 S 0 channel because of their relative low density, although at very high densities pairing in 3 P channels is not excluded. If the matter is near isospin symmetric at high densities there is also the possibility of 3 D 2 pairing in neutron-proton matter (Alm et al. 1996) . We adopt the calculations of the S -wave gap in proton matter by Zuo et al. (2004) which, consistently with the underlying EoS, is based on the Argonne interaction supplemented by a threebody force. To relate the total nucleonic density to the proton fraction, which is needed to extract the gap function, we use fits to the data provided by Zuo et al. (2004) . With this input we solved the general relativistic structure equations for neutron stars (the Oppenheimer-Volkoff equations) to obtain configuration of given gravitational mass. In the following we will examine two neutron stars models. One corresponds to the "canonical" 1.4 M ⊙ mass star, the other corresponds to the maximum mass (here M = 2.67 M ⊙ ) star.
Our second step is to relate the density of matter to the concentrations of particles, in particular of protons. From these concentrations we can then determine all the microscopic and mesoscopic quantities that characterize the neutron superfluids and the proton superconductor in the core of the star.
Critical fields and extinction of superconducting phase
As well known, the proton superconductor can be either in the type-II or type-I state depending on the ratio of the penetration depth δ p to the coherence length ξ p . It is likely that the outer cores of neutron stars are type-II superconductors, i.e.,
where κ is the GL parameter. However, a number of authors have argued to contrary on the basis of macroscopic phenomenology of neutron stars, such as incompatibility of the type-II superconductivity with precession (Link 2003; Buckley et al. 2004b,a; Sedrakian 2005; Alford et al. 2005) . Type-II superconductivity exists between the lower H c1 and upper H c2 critical fields. The second critical field is of particular interest as it sets an upper limit on the external magnetic field for which superconductivity exists. Thus, the superconductivity and high magnetic fields are compatible only if the condition B c ≤ H c2 if fulfilled; here B c is the magnetic induction in the core of the star.
Ginzburg-Landau theory of H c2 including entrainment
Close to H c2 the superconducting order parameter is small and one can rely on the Ginzburg-Landau (GL) theory to describe the proton superconductor. An additional feature of our analysis is the coupling of the proton superconductor to the neutron superfluid via the entrainment effect (Andreev & Bashkin 1976; Sedrakyan & Shakhabasyan 1991) . We start by writing the equation for the wave-function of the proton condensate
where τ = (T − T cp )/T cp with T cp being the critical temperature of superconducting phase transition of protons, A is the vector potential of the B-field, m p is the proton mass, φ is the neutron condensate wave-function and b ′ is the quartic contributions to the GL from the product |ψ| 2 |φ| 2 . In non-dimensional form the above equaiton takes the form
where the wavefunctions are normalized to the equilibrium value of the proton condensate wave function ψ 0 = −ατ/b. The fields are normalized to √ 2H cm , where the critical thermodynamical field is given by
The second GL equation for the vector potential has the form
where j and j ′ are the unentrained, (i.e. along the proton condensate phase gradient) and entrained (i.e. along the neutron condensate phase gradient) parts of the proton current. The currents involve terms which are quadratic in wave-functions; for example,
Because close to H c2 the order parameter is small, we can keep in Eqs. (4) and (5) only the linear in ψ terms. Assume that the B-field is in the z direction and ψ = ψ(x) only. (Because we are considering homogeneous magnetic fields, the corresponding vector potential A is linear in coordinates; one can choose then A along one of the directions of the Cartesian system of coordinates without loss of generality). To linear order in ψ the solution of (5) is A = B 0 x. Substituting this solution in Eq. (4), we find a second-order differential Schrödinger-type equation
where prime denotes the derivative with respect to x. The latter equation has solutions which satisfy the asymptotic behavior
The most-general "harmonic oscillator" type solution describes a vortex in the x − y plane (with the field directed in the z direction). The corresponding wavefunction can be written
where the coefficient C n and k depend on the type of the proton vortex lattice. Assuming triangular lattice one finds k = κ(π √ 3) 1/2 and the set of condition C n+4 = C n , C 0 = C 1 = C, C 2 = C 3 = −C, where C is given by the normalization of the wave-function to the density of condensate. The entrainment effect modifies the vortex wave-function through the modification of B 0 .
The upper critical field is attained for the minimal value of n which maximizes the field B 0 . Obviously this value is n = 0, therefore
The upper critical field is modified due to the entrainment effect between proton superconductor and neutron superfluid. The ratio of neutron condensate density to proton condensate density, |φ| 2 /|ψ 0 | 2 , is of the order of 10 in neutron stars. The correction to H c2 due to entrainment effect depends further on the value of η = b ′ /b, the reltive magnitude of entrainment coefficient compared to quartic coupling. The coefficients b and b ′ were computed previously by Alford et al. (2005) and we shall use their result to estimate the coefficient η and correction to H c2 arising from the entrainment effect. Alford et al. (2005) compute the effective interaction between neutron and proton Cooper pairs in β-equilabrated neutral nuclear matter diagrammatically. To leading beyond-mean-field order the value of b ′ is given by
where we quote the value of b ′ valid in the regime ∆ p ≪ µ p and ∆ n ≪ µ n valid in neutron stars. Here the indices n and p refer to neutrons and protons, N is the number density, k F is the Fermi wave-vector, µ is the chemical potential, ∆ the pairing gap and G np is the neutron-proton coupling. The dominant coupling between the Cooper pairs is due to the induced fluctuations in the condensates. The additional coupling between proton and neutron Cooper pairs via weak interactions can be neglected. The leading order expression for b can be obtained already in the mean field approximation (Alford et al. 2005 )
Using typical values
MeV −2 , we obtain η ≃ 10 −3 . Thus, the overall correction to the value of H c2 is of the order of 1% and is much smaller than the other uncertainties involved in the problem.
Relating the surface and crust-core boundary B-fields
Because of the density dependence of the microscopic parameters, notably the gap function, the critical fields H c1 and H c2 are density dependent. The density dependence of these fields translates into some dependence of these fields on the radius of the star. The density dependence of the H c2 is shown in Fig. 1 two models of neutron stars with canonical (1.4 M ⊙ ) and maximal (2.67 M ⊙ ) gravitational masses. It is seen that the maximal value of H c2 , which is about 2 × 10 16 G, is attained at the crustcore interface, whereas its value drops approximately linearly with decreasing radius. The drop is substantial, i.e., the constant H c2 approximation fails on macroscopic scales. The value of the H c2 can be related to the observable surface dipole field within a given model of macroscopic structure of the field of the star.
Equilibria of magnetized neutron stars with superconducting cores have been constructed by a number of authors (Akgün 2007; Akgün & Wasserman 2008; Lander et al. 2012; Lander 2013 Lander , 2014 Henriksson & Wasserman 2013) . Both poloidal and toroidal fields, as well as their combinations have been considered. Some of these studies suggest a linear relation of the form
where, H b is the field intensity at the outer boundary of the core and B s is the surface field. For purely poloidal field Henriksson & Wasserman (2013) find α = ǫ b /3 where ǫ b R is the thickness of the crust, R being the radius of the star. If we assume that at the outer boundary of the core the matter density is 0.5n 0 , where n 0 is the nuclear saturation density, we can extract the value of ǫ b from a particular model defined by an EoS and mass of the star. Typically, we find that there is about two orders of magnitude drop in the field value between the crust-core boundary and the surface of the star. However, Henriksson & Wasserman (2013) assume that H ∼ H c1 , in which case the B ≪ H in a type-II superconductor. This is not a valid approximation in our case, i.e., the vicinity of H c2 where B ≃ H [see Sedrakian & Sedrakian (1995) ]. The study of Lander (2014) , which uses a different method, suggests that the drop of the field from the magnetic pole to the base of the crust is smaller and in the limit of large fields is of order of unity. To illustrate the implications of our results (which by themselves are independent of the value of the above mentioned drop of the field) we will use the relation (13) derived by Henriksson & Wasserman (2013) . In that case for the maximal value of H c2 ≃ 2 × 10 16 G we find B s15 = 1.34 for the 1.4 M ⊙ mass model and B s15 = 0.479 for the maximal 2.67 M ⊙ mass model. Having established the limiting surface field at which superconductivity vanishes completely, now we consider decreasing it down to values characteristic for ordinary neutron stars. Fig. 2 shows the extend of supercondicting phase for canonical and maximal mass models for different B s . It is seen that with decreasing surface field the superconducting volume decreases substantially and asymptotically reaches the volume corresponding to that of an ordinary neutron star. Hence, some magnetars may not have superconducting core at all, while some may have, for a moderate surface fields (B s15 ≤ 0.5 G), a relatively small superconducting shell surrounding a normal proton core. Note that due to the different density distributions in these two models the extent of proton superconductivity even in the absence of magnetic field is different: the more massive model has a smaller superconducting volume.
We conclude this section by stating our main observation: high-field magnetars 1 ≤ B s15 ≤ 10 are either partially or completely non-superconducting due to the quenching effect of the magnetic field on the proton superconductivity. Intermediate field magnetars 0.1 ≤ B s15 ≤ 1 will contain small superconducting shell surrounding inner non-superconducting core. Massive neutron stars (such as the two-solar mass PSR's) the superconducting region would be much smaller than in the canonical mass neutron stars.
Implications for cooling and rotational dynamics
Our observation that the high-field magnetars will be nonsuperconducting even at the lowest temperatures of interest because of the quenching effect of the field requires a new assessment of the relevant processes that lead to the cooling of magnetars. While eventually one will need to carrying out a full simulation of cooling of a magnetar, here we shall discuss the qualitative changes compared to the case of ordinary neutron stars. The key ingredients of the cooling are the neutrino emissivities, heat capacity and heating rates, which we discuss in turn. Table 1 summarizes the key processes in the case of low and high magnetic fields. The strong magnetic fields affect the direct Urca process by lifting the constraints on the kinematics of this process imposed by the energy and momentum conservation (Bandyopadhyay et al. 1998; Leinson & Pérez 1998; Baiko & Yakovlev 1999) . Specifically, due to the change in the available phase-space the direct Urca is allowed even for small fraction of protons. While the direct Urca is likely to be suppressed in ordinary neutron stars, it will be allowed in magnetized neutron stars (Leinson & Pérez 1998; Baiko & Yakovlev 1999) . Proton and neutron pairing restricts the phase space available for the process and, as a consequences, the rate of the direct Urca process is suppressed, at asymptotically low temperatures by an exponential factor exp(−∆/T ) for each participating nucleon where ∆ is the relevant pairing gap, T is the temperature. According to the results of the previous section, such suppression will be absent for protonic component of the star. Therefore, we conclude that the suppression of the direct Urca process will be only due to the neutron pairing. Since the gap for neutron in the P-wave channel is much smaller than the one in the S channel for protons, the onset of suppression will strongly deviate from the one expected in the case of superconducting protons.
Neutrino emissivity and heat capacity
The direct bremsstrahlung process N → N + ν +ν, where N refers to a nucleons, is strictly forbidden in non-magnetic case. Because of the paramagnetic splitting in the energies of nucleons in a strong B field the neutrino emission becomes possible once this splitting is of the order of the temperature of the medium (van Dalen et al. 2000) . While pairing will suppress this direct bremsstrahlung process for neutrons, the absence of proton superconductivity will keep the process p → p + ν +ν acting at all relevant temperatures. Thus, again, we expect enhancement of the neutrino emission as a consequence of absence of proton superconductivity.
The formation of nucleonic BCS condensates leads to the pair-breaking (PB) neutrino emission from the condensate (Flowers et al. 1976; Kaminker et al. 1999; Leinson & Pérez 2006; Sedrakian et al. 2007; Kolomeitsev & Voskresensky 2008 , 2010 Sedrakian 2012) . In the range of fields of interest the PB emission in the neutron condensate will not be affected. The absence of the proton condensate, on the other hand, will exclude the PB process via portons. This is however may be compensated by the direct bremsstrahlung process in the absence of condensate discussed above (van Dalen et al. 2000) . Furthermore, the Name Process low-B high-B DUrca Table 1 . Allowed ( ) and forbidden (×) process in the low and high field neutron stars. Here N ∈ n, p referes to nucleons, (NN) to a Cooper pair.
modified Urca and bremsstrahlung processes, where there is an additional strongly interacting nucleon added to the nucleons involved in the weak process are subdominant to the ones discussed above in the strong field limit.
Consider the cooling of a magnetar with B 15 ≥ 1. Initially, when star is hot and matter inside the core is normal, the core cools by neutrino emission very fast due to the allowed direct Urca process. As the core cools to the temperature when in the core the neutron superfluidity appears. Since the strong magnetic field in the core of the star prevents the formation of proton superconductivity this is the only condensate in the model. After the appearance of neutron superfluidity in the core, the cooling rate is affected in several ways: (a) due to neutron superfluidity, direct Urca and modified Urca processes are supressed exponentially with decreasing temperature; (b) the neutron superfluidity reduces the neutrino emissivity due to neutronnucleon bremsstrahlung processes; (c) however, the direct proton bremsstrahlung is not suppressed as protons are not in superconducting state. Hence, in this situation bremsstrahlung on protons contributes dominantly to neutrino emissivity; finally (d) the Cooper pairing of neutrons produces neutrinos which is an extra source of neutrino cooling and is significant even in the absence of proton superfluidity.
The absence of proton superconductivity will enhance the heat capacity of the star and will act to enhance the time-scale needed for the star's temperature to reach a given value. While in the low-field stars only electrons contribute to the heat capacity after nucleons become superfluid, in high-field stars the contribution of non-superconducting portons approximately doubles the heat capacity of the core of the star. Thus, proton and electron specific heats decrease linearly with temperature as in normal Fermi liquids, whereas the heat capacity of superfluid neutrons is reduced by their superfluidity (exponentially in the case of S -wave pairing).
Reheating and rotational response
Magnetic energy of neutron stars is one of the key sources that can potentially heat the star (Goldreich & Reisenegger 1992; Aguilera et al. 2008; Pons et al. 2009 ). As for conventional neutron stars such heating becomes important in the later photon cooling era one speaks of reheating of the star. The conversion of magnetic energy into thermal energy substantially depends on the conducting properties of the proton fluid. Indeed, for lowfield neutron stars, where protons are superconducting, the magnetic flux is stored in an array of proton flux tubes (vortices). The evolution of the magnetic field and its decay is then controlled by the dynamics of proton vortices in the core of the star. As discussed above for strong-field neutron stars proton superconductivity is absent. In this case, the magnetic field decay depends on the electrical conductivity and the decay time is given by the familiar formula (Baym et al. 1969 
where σ is the field-free electrical conductivity, R is a characteristic scale of the magnetic field. In a strong magnetic field the conductivity is a tensor where the component parallel to the field is independent of the field, whereas the transverse component is strongly affected by the field (Østgaard & Yakovlev 1992) . While the component parallel to the field decays over the timescales ≥ 10 8 yr, the decay time-scale for the transverse field could be substantially reduced in strong fields, where the transverse conductivity scales as σ (Østgaard & Yakovlev 1992) .
The absence of superconductivity in magnetars has clearly a profound effect on the superfluid dynamics of its core. Recall that in ordinary pulsars the core dynamics is strongly influenced by the interaction of the neutron vortices with the protonic flux tubes and the electron flux-tube interactions. In fact, the protonic flux tubes dominate the interaction with the nonsuperconducting matter because for fields B ∼ 10 12 G and spin periods of the order of second there are ∼ 10 13 flux tubes per single neutron vortex. This, of course, assumes that the proton superconductor is a type-II superconductor. The nonsuperconducting protonic fluid will couple to the electron fluid on plasma timescales, which are much shorter than the hydrodynamical timescales. Therefore, the core of a magnetar can be consider as a two-fluid system with neutron condensate forming the superfluid component and the porton plus electron fluids forming the normal component. The coupling of the neutron vortices to the normal fluid under these circumstances will be dominated by the interaction between the protons and neutron vortex core quasiparticle via the strong force. In the case of low-field matter (no Landau quantization of proton states) such coupling leads to dynamical coupling time-scales in the range from seconds to tens of days respectively for temperatures in the range 10 8 ≥ T ≥ 10 7 (Sedrakian 1998).
Summary and outlook
We have observed, using realistic models of compact stars, that the critical field for the destruction of proton superconductivity is strongly density depend, which implies that for surface fields of order of 10 15 G magnetars are either completely or partially non-superconducting. This is due to the quenching effect of the magnetic field on the proton superconductivity. Currently it is not possible to make a precise mapping of the internal critical field to the surface field, as this depend on the global structure and topology of the magnetic field.
Our observation that the magnetars with surface field B 15 ≥ 1 are non-superconducting demands a substantial revision of the cooling scenarios of magnetars. While we have identified the key input processes that will contribute to the cooling of the star, detailed cooling simulations are needed to confront the theory of non-superconducting magnetars with the observations. Furthermore, their superfluid dynamics will differ from that of the ordinary neutron stars due to the absence of the mesh of the flux tubes. 
